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Topological superfluids usually refer to a superfluid state which is gapped in the bulk but metallic
at the boundary. Here we report that a gapless, topologically non-trivial superfluid with inhomo-
geneous Fulde-Ferrell pairing order parameter can emerge in a two-dimensional spin-orbit coupled
Fermi gas, in the presence of both in-plane and out-of-plane Zeeman fields. The Fulde-Ferrell pair-
ing - induced by the spin-orbit coupling and in-plane Zeeman field - is responsible for this gapless
feature. This exotic superfluid has a significant Berezinskii-Kosterlitz-Thouless (BKT) transition
temperature and has robust Majorana edge modes against disorder owing to its topological nature.
PACS numbers: 05.30.Fk, 03.75.Hh, 03.75.Ss, 67.85.-d
Over the past few years, exotic pairing mechanism
has gained widespread concern, making it spring up
in a wide range of areas from astrophysics, solid-state
physics to ultracold atomic physics, to name a few
[1–5]. The spatially modulated Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state plays a key role in this mecha-
nism [6, 7] and could emerge in spin-imbalanced systems,
in which the Bardeen-Cooper-Schrieffer (BCS) state may
become unstable against the pairing with finite center-
of-mass momentum. Taking the advantage of high con-
trollability [8, 9], ultracold atomic Fermi gases are ideal
table-top systems for pursuing the FFLO state [10–12].
Indeed, strong evidence for FFLO superfluidity has been
seen in a Fermi cloud of 6Li atoms confined in one dimen-
sional harmonic traps [4, 13, 14]. Most recently, motived
by the realization of synthetic spin-orbit coupling (SOC)
in cold atoms [15–17], FF superfluidity is also argued to
be observable in spin-orbit coupled atomic Fermi gases
[18–21]. It is induced by the combined effect of SOC and
in-plane Zeeman field, which leads to the deformation of
the Fermi surfaces [22–24].
Topological insulators and superconductors have been
another hot research area in recent years [25, 26]. These
materials are gapped in the bulk but metallic at the
boundary, supporting the prerequisites of some crucial
physical realities, for example, the non-Abelian anyons
used to form quantum gates in fault-tolerant quantum
computation [27]. It is now widely believed that topolog-
ical superconductors (or superfluids) could acquire zero-
energy edge states known as Majorana fermions - non-
Abelian particles that are their own antiparticles - which
are still mysterious and not observed distinctly in recent
experiments [28–30]. First proposed to be realizable in
chiral p-wave superconductors, Majorana fermions could
also exist in s-wave superconductors with SOC [31–34].
In the context of ultracold atomic Fermi gases, there are
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FIG. 1: (Color online) Low-temperature phase diagram of
a Rashba spin-orbit coupled 2D Fermi gas at Eb = 0.2EF ,
λ = EF/kF and T = 0.05TF . By tuning the out-of-plane
and in-plane Zeeman fields, ΩR and δ, the system may evolve
from a gapped FF (gFF) to a nodal FF (nFF), then a gapless
topological FF (tnFF), and finally to a gapped topological
FF (tgFF). Above the dot-dashed line, the order parameter
∆ becomes less than 0.001EF (therefore indicated as a normal
phase N). The dashed line indicates the boundary where the
critical BKT temperature is reached. In between, the pseu-
dogap regime is highlighted by the shadowed area. The color
map shows the phase stiffness piJ /2, in units of EF .
already some theoretical works detailing the emergence
and stability of topological superfluids in the presence of
an out-of-plane Zeeman field [35–38]. Interestingly, topo-
logical order is compatible with inhomogeneous FF su-
perfluidity [39–42]. In the case of a two-dimensional (2D)
atomic Fermi gas with Rashba SOC and both in-plane
and out-of-plane Zeeman fields, a gapped topological FF
superfluid has been predicted very recently [41, 42].
In this Letter, we report the emergence of gapless topo-
logical FF superfluid in the same 2D setting, as indicated
2by the “tnFF” phase in Fig. 1, which intervenes between
the topologically trivial (gFF or nFF) and the gapped
topologically non-trivial FF states (tgFF), and occupies
a sizable parameter space. Furthermore, its existence is
not restricted to the pure Rashba or Dresselhaus SOC.
Any type of SOC with an unequal weight in the Rashba
and Dresselhaus components can support such an exotic
superfluid. These findings are remarkable, as commonly
topological superfluids are believed to have an energy gap
in the bulk [25, 26]. Here our goal is to understand why
the gapless energy structure coexists with the topologi-
cal order, over a broad range of parameters, at both zero
and finite temperatures. Understanding this may shed
lights on designing new gapless topological materials in
solid-state systems [43].
We start by considering the model Hamiltonian of a
2D spin-orbit coupled two-component Fermi gas with the
SOC λxkˆxσx+λykˆyσy , the in-plane (δ) and out-of-plane
(ΩR) Zeeman fields, H =
´
dr[H0 + Hint], where H0 is
the single-particle Hamiltonian,
H0 =
[
ψ†↑ (r) , ψ
†
↓ (r)
] [
ξk+ Λ
†
k+
Λk+ ξk−
] [
ψ↑ (r)
ψ↓ (r)
]
, (1)
and Hint = U0ψ†↑(r)ψ†↓(r)ψ↓(r)ψ↑(r) is the interac-
tion Hamiltonian with a pairwise contact interaction of
strength U0. Here we have used the notations, ξk± ≡
ξˆk ±ΩR ≡ −~2∇2/(2m)− µ±ΩR with the atomic mass
m and chemical potential µ, and Λk± ≡ λxkˆx+iλykˆy±δ,
where kˆx = −i~∂x and kˆy = −i~∂y are momentum op-
erators. ψ†σ(r) (ψσ(r)) is the field operator for creating
(annihilating) an atom with pseudo-spin state σ ∈ (↑, ↓)
at r. We have explicitly adopted a general form of SOC
including both Rashba (i.e., λx = λy) and Dresselhaus
(λx = −λy) SOCs. In the recent experiments [16, 17],
only the SOC with equally weighted Rashba and Dres-
selhaus components has been realized. The in-plane (δ)
and out-of-plane (ΩR) Zeeman fields can be created de-
pending on the detailed experimental realization. In the
interaction Hamiltonian, the bare interaction strength U0
is to be regularized as U−10 = −S−1
∑
k 1/(Eb+~
2k2/m),
where S is the area of the system and Eb is the two-
particle binding energy.
In the presence of an in-plane Zeeman term δσx in the
Hamiltonian, it is known that a finite momentum pairing
will arise along the x -direction [20]. Focusing on a FF-
like order parameter ∆(r) = −U0 〈ψ↓(r)ψ↑(r)〉 = ∆eiQx
at the mean-field level, the interaction Hamiltonian can
be approximated by Hint ≃ −[∆(r)ψ†↑(r)ψ†↓(r) +H.c.]−
|∆(r)|2 /U0. By introducing the Nambu spinor Φ(r) ≡
[ψ↑, ψ↓, ψ
†
↑, ψ
†
↓]
T , the total Hamiltonian can be rewrit-
ten in a compact form, H = (1/2) ´ drΦ†(r)HBdGΦ(r)−
S∆2/U0 +
∑
k ξˆk, where HBdG is given by,
HBdG ≡


ξk+ Λ
†
k+ 0 −∆(r)
Λk+ ξk− ∆(r) 0
0 ∆∗ (r) −ξk+ Λk−
−∆∗ (r) 0 Λ†k− −ξk−

 . (2)
It is straightforward to diagonalize the above Bogoliubov
Hamiltonian HBdGΦνkη(r) = EνkηΦνkη(r) with quasiparti-
cle energy Eνkη and quasiparticle wave-function Φ
ν
kη(r) =
1/
√Seik·r[uνη↑e+iQx/2, uνη↓e+iQx/2, vνη↑e−iQx/2, vνη↓e−iQx/2]T ,
where ν ∈ (+,−) represents the particle (+) or hole
(−) branch, and η ∈(1,2) denotes the upper (1) or lower
(2) helicity branch [44]. The mean-field thermodynamic
potential Ω at the temperature T is then given by,
Ωmf =
1
2
∑
k
(
ξk+Q/2 + ξk−Q/2
)− 1
2
∑
kη
|Eν=+kη |
−kBT
∑
kη
ln
(
1 + e−|E
ν=+
kη
|/kBT
)
− S∆
2
U0
, (3)
where ξk±Q/2 = ~
2(k±Q/2)2/(2m)− µ. Taking the ad-
vantage of inherent particle-hole symmetry in the Nambu
spinor representation [20], only the eigenvalues in the par-
ticle branch (ν = +) is necessary in the calculation of
the thermodynamic potential. For a given set of pa-
rameters (i.e., the temperature T , binding energy Eb
etc.), different mean-field phases can be determined using
the self-consistent stationary conditions: ∂Ωmf/∂∆ = 0,
∂Ωmf/∂Q = 0, as well as the conservation of total atom
number, N = −∂Ωmf/∂µ. At a given temperature, the
ground state has the lowest free energy F = Ωmf + µN .
To characterize its stability, we calculate the superfluid
density tensor by applying a phase twist to the order
parameter ∆(r) = ∆eiQx+iq·r, which boosts the sys-
tem with a superfluid flow with a velocity vs = ~q/2m.
The superfluid density tensor is then obtained by nsij =
(4m/~2S)[∂2Ω(q)/∂qi∂qj]q=0 [45], where i, j = (x, y)
and Ω(q) is the thermodynamic potential in the presence
of the phase twist. The critical BKT temperature for the
2D superfluid phase is determined by (see Supplementary
Materials for explanation) [46],
kBTBKT =
pi
2
J (∆, Q, µ, TBKT ) , (4)
where J ≡ [~2/(4m)]√nsxxnsyy is the superfluid phase
stiffness that does not vanish at TBKT . We note that the
above mean-field treatment is applicable in the weakly
interacting regime. The leading higher-order correc-
tion to the thermodynamic potential from pair fluctu-
ations is a spin-wave contribution Ωfl = kBT
∑
q ln[1 −
e−Esw(q)/kBT ] with a linear spectrum Esw(q), which is
exponentially small at low temperatures [47] and there-
fore is included in our treatment. Hereafter we set the
Fermi wavevector kF =
√
4piN/S and Fermi energy
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FIG. 2: (Color online) (a) Evolution of the minimum excita-
tion gap Eg and of the Chern number with increasing ΩR at a
fixed δ = 0.4EF . The inset shows the evolution of the FF pair-
ing momentum Q and pairing gap ∆. (b) Dispersion relation
of the lower helicity branch Eνη=2(kx, ky = 0) across the topo-
logical transition at ΩR/EF = 0.24 (green thick line), 0.325
(red dot-dashed line) and 0.38 (blue thin line). (c) The cor-
responding contours of zero-energy energy spectrum (nodal
points) on the kx-ky plane.
EF = ~
2k2F /(2m) as the units for wavevector and energy,
respectively. In all self-consistent calculations, the inter-
action parameter is given by Eb = 0.2EF and the SOC
strength is determined by λ =
√
λ2x + λ
2
y = EF /kF . We
use T = 0.05TF unless otherwise specified.
Fig. 1 presents the typical low-temperature phase di-
agram for a Rashba spin-orbit coupled 2D Fermi gas on
the ΩR − δ plane. The case of zero in-plane Zeeman
field (δ = 0) has been well explored in the literature
[31–34]. A topological phase transition is driven by the
out-of-plane field ΩR. The increase of ΩR will not only
change the topology of the dispersion relation of two he-
licity branches via breaking time-reversal symmetry and
opening a spin-orbit gap, but it also induce an effective
p-wave fermionic pairing in the lower helicity branch [31].
As a result, a gapped topological superfluid emerges con-
tinuously above the threshold ΩR,c =
√
µ2 +∆2. Asso-
ciated with this topological phase transition, the energy
gap of the system will first close exactly at ΩR,c and
then immediately re-open. The presence of a nonzero
but small in-plane field will not change this picture, but
it facilitates the finite-momentum FF pairing due to the
Fermi surface deformation in the lower helicity branch
[20]. Consequently, a gapped topological FF superfluid
appears, as discussed in the earlier work [41, 42].
It is appealing to perceive, however, that a gapless
topological FF superfluid can also emerge at the suffi-
ciently large in-plane Zeeman field δ & 0.47EF . In this
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FIG. 3: (Color online) Contour plots of the Berry curvature
Γν=− ≡ γν=−
1
+ γν=−
2
before (a, ΩR = 0.24EF ) and after (b,
ΩR = 0.38EF ) the topological phase transition at an in-plane
field δ = 0.4EF .
case, with increasing ΩR the Fermi gas is first driven into
a gapless state before finally turns into a gapped topolog-
ical superfluid, as can be clearly seen in Fig. 2(a), where
we plot the evolution of the minimum excitation gap [48].
In the gapless state, the energy of the lower helicity par-
ticle branch (Eν=+η=2 ) becomes less than zero in a small
area slightly away from the origin k = 0, as shown in
Fig. 2(b). The nodal points with Eνη=2(kx, ky) = 0 form
two disjoint loops in the momentum space, see for exam-
ple Fig. 2(c), except at a critical value ΩR, where the
two loops connect at k = 0. At this value, the topology
of the Fermi surface changes, implying the emergence of
a gapless topological FF superfluid.
To better characterize the topological phase transition
in the gapless state, we calculate the Chern number
Cν=− =
1
2pi
ˆ
d2k
∑
η=1,2
γν=−η (5)
associated with the hole branches (ν = −), where γνη =
i(〈∂kxΦνη |∂kyΦνη〉 − kx ↔ ky) is the Berry curvature of
the (ν, η) branch [49]. The results are shown in Fig.
2(a) by circles. The topological state is characterized
by a nonzero integer Chern number Cν=− = 1. As
anticipated, there is a jump in the Chern number, see
for example the left inset of Fig. 2(a), occurring pre-
cisely at the critical value ΩR where the topology of the
Fermi surface changes. To gain a concrete understand-
ing of this jump, in Fig. 3 we report the Berry curvature
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FIG. 4: (Color online) Energy spectrum of a 2D strip formed
by imposing open boundary condition (i.e., hard wall confine-
ment) in the y-direction. The edge states due to the confine-
ment are highlighted by the red lines. The parameters are
δ = 0.4EF and ΩR = 0.24EF (a) or ΩR = 0.38EF (b), the
same as in Fig. 3.
Γν=− ≡ γν=−1 +γν=−2 just before and after the topological
phase transition. In either case, a sharp peak develops in
the kx-ky plane around the origin k = 0, pointing down-
wards or upwards and sitting on a positive background.
In the topologically trivial state, when atoms scatter on
the Fermi surface, a Berry phase θ =
´
d2kΓν=− ≃ −pi is
picked up from the downwards peak but cancels with
these accumulated from the background, leading to a
vanishing Chern number. In contrast, in the topologi-
cally non-trivial state, the two contributions are additive
and hence yield a nonzero Chern number Cν=− = 1.
Our gapless topological FF superfluid can support ex-
otic chiral edge modes, like any topological states [25, 26].
To confirm this fundamental feature, in Fig. 4 we report
the energy spectrum of a 2D strip with hard-wall confine-
ment in the y-direction. Two sets of chiral edge states
appear due to the confinement, well localized at the two
boundaries, respectively. In the gapless topological FF
state, they come to cross with each other at kx = 0,
giving rise to two zero-energy Majorana fermions. It is
interesting that the left and right chiral edge states are
moving along the same direction at the two boundaries
since both states have v(kx) ≡ ∂Ekx/∂kx > 0.
For conventional gapped topological superfluids, it is
known that the chiral edge states are protected by the
non-trivial topology of the system. For our gapless topo-
logical FF superfluids, the chiral edge states enjoy the
same protection, as long as the topological order of the
system is not destroyed by perturbing potentials. To con-
firm this, we test the fate of the chiral edge states against
a random disordered potential along the y-direction. As
discussed in detail in Supplementary Materials, the low-
energy chiral edge states are found to be very robust.
This robustness is a direct consequence of the topologi-
cal nature of the system which ensures that turning on a
reasonably strong perturbation cannot immediately de-
stroy the chiral edge states.
We now turn to discuss the existence of the gapless
topological FF superfluid at finite temperatures, as re-
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FIG. 5: (Color online) Finite-temperature phase diagram as
a function of ΩR at δ = 0.4EF . The solid line shows the BKT
critical temperature and the dashed lines give the boundaries
between different phases (see the lower panel for the depen-
dence over the entire temperature scale).
ported in Fig. 5. Remarkably, the superfluid density
tensor of such superfluids is always positively defined and
is comparable to the total density in magnitude. This is
in sharp contrast to the case of a conventional FF su-
perfluid in an imbalanced Fermi gas without spin-orbit
coupling, whose superfluid density is precisely zero due to
the rotational invariance of the Fermi surfaces [47]. As a
result, their critical BKT temperature is very significant.
At the typical interaction strength Eb = 0.2EF , we find
that TBKT,tnFF ≃ 0.08TF , suggesting that it is indeed
within the reach of current experiments.
We also consider a general SOC characterized by λx =
λ cosψ and λy = λ sinψ. We find that the gapless topo-
logical FF superfluid survives over a broad range of the
azimuthal angle ψ (see Supplementary Materials). This
observation is encouraging, as the synthetic SOC - to be
experimentally realized in cold-atom laboratories - may
not acquire the perfect form of a Rashba SOC. The insen-
sitive dependence of the gapless topological FF superfluid
on a particular form of SOC therefore means that this
conceptually new topological state of matter is amenable
to synthesize with cold atoms.
In summary, we have predicted a gapless topological
superfluid with inhomogeneous Fulde-Ferrell pairing in
a two-dimensional spin-orbit coupled Fermi gas, which
possesses gapless excitations in the bulk as well as non-
Abelian Majorana fermions localized at the boundaries.
It exists over a wide range of parameters at finite tem-
peratures and does not require specific form of spin-orbit
coupling, and is therefore feasible to observe experimen-
tally in cold-atom laboratories. The gapless excitation
in the bulk would lead to richer thermodynamic and dy-
5namic properties of the system. In three dimensions, the
proposed gapless topological phase may get larger pa-
rameter space, as the gapless feature is favored by high
dimensionality. Our work may shed new insights for the
exploration of topological quantum matters, in both cold-
atom [16, 17] and solid-state systems [43].
This research is supported by the ARC Discov-
ery Projects (FT130100815, DP140103231 and
DP140100637), NFRP-China (2011CB921502 and
2011CB921602) and NSFC-China (11025421, 11228410,
11175094 and 91221205).
Note added. — In completing this work, we become
aware of a related work [50], where the gapless topological
Fulde-Ferrell superfluid in three dimensions is discussed.
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